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Introduction 

i 
The present criterion for  the toraional stiffness of wings has 

boon established for nearly ton years; a brief history of its 
dovolopnent is given in Fara.2. It originated in a dimensional study 
of ;/ing-ailoron flutter and wing divergence; but in recent years it 
has assumed almost exclusively the function of a preventive cf -..ing 
ficxure-tcrsion flutter.  In this role it has played & very important 
part in aircraft design. 

In view of its sxtroao siuplicity - the majority of the parameters 
affecting flexure-torsion flutter do not appear in tlio criterion - its 
uniform success as n flutter preventive is remarkable, and indeed 
suggests strongly that, in the »any oases whore the ignored parameters 
have had favourable values, the criterion uust have been unnecessarily 
severe.  However, until the lost year or ao this possibility has net 
been sufficiently important to warrant ancnckient of the criterion. 
Seine such change night have been called for,  had it not been that other 
factors affecting wing stiffness - in some cases design for etren^th, 
but more of ton consider "tions rel.-.ting to rolling power - have thaBSolvos 
required a degree of stiffness of the some order ac that defined by the 
criterion.  Only very recently have decignors had real difficulty in 
meeting the requirement of the criterion.  Thi3 lias been principally 
due to two factors, namely the increasing use of pronounced wing taper, 
and the necessity to oaks some provision (ofton of an arbitrary nature) 
for anticipated compressibility effect«. 

As regards taper, this is of particular i. tportonoe» since in 
general the local toraional stiffness er unit span of modern wines 
falls off very rapidly towards the tip, often as the third or fourth 
power of the chord.  In consequence, in the usual wing stiffness teat 
(which provides the value of the stiffness appoaring in the criterion) 
the rate of tivist near tue mid-aileron section is ;vmy tines greater 
than that at the root.  As a result, the designer finds that the most 
economical wry of improving the overall stiffness in not by a distributed 
increase but by a pronounced increase near the nidallcron section. 
Since this effect results frcn the use of taper, and 3ince in fact it 
has been known for some ycar3 that taper is benefic-ial from the flutter 
viewpoint, a modification to the criterion to allow for this is 
obviously desirable.  This is more particularly s since taper is 
beneficial also in regard to aileron reversal, and calculations relating 
to the latter take account of this fact; so that in comparison with 
the stiffness criterion, aileron reversal appears to be of UJSS 
relative importance than is warranted by the true sfc'.te of .-ffairs. 

Recording the effect of .ach number, it is to bo notod that 
practically all stiffness requirements row include  conproasibility 
correction, and the absence of such a correction in the wing torcionol 
stiffness requirei.ient provides a major inconsistency.  It is true that 
there is as yet practically no irforoation on the effects of compressibil- 
ity on flutter, but what information doo3 exist 3U":"osts that the 
correction can be as large .-.3 that which would obt'.in if all the 
aerodynamic coefficients were increased by the dauert factor, at 
least so Ion," aa shock waves are absent. 

These considerations have provided additional impetus to the work 
of letormining how the critical speed for vd.n;; flexure-torsion flutter 
depends on the principal parameters involved.  The present report 
describes briefly the major steps in this work« -.nil proposes a criterion 
which depends in a simple way on those parameters.  In the event of 
the adoption of this now criterion, however, it i.ill havo to be 
remembered that it relates almost exclusively to the orevention of 
•wing flexure—torsion flutter. 

3. 

C^W 
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2   A Brief j istcr.y r.f the Present Criterion 

^he following survey does not pretend to completeness., but is 
intended to present only the iaore important factors which have led to 
the present for.i of the criterion.  This io (see for exai'.nlc A.P.970 i 
Pt.5) 

n 
(-—r )    > o, 

i\ 
(1) 

•vht re 

V = design speed (ft./sec. ^..A.IJ.) 
uu= torsional stiffness of wing, !iea3urcd between root and 

reference section (lb.ft./rad.) 
d = distance from root to equivalent tip (ft.) 
Cj = Mean chord (ft.) 

The quantity C is a number which depends on the reference section; it 
assimos different values for the mid-aileron and equivalent tip.  Its 
value depends also on \/hether the «'ins carries engines or not; 
furthormore, if the wing is not <?p.rrvincr engines C may be a function of 
the wing density °\v. 

2 
The for..i of the criterion (1) i3 due to Roxboe Cox .  Hi« analysis 

was in the nature of a dimensional study*; it -./as assumed that in the 
families of wings considered the distributions of elasticity and inertia 
corresponded, and the distribution of chord with span was similar. 
It then emerged that, if the wing density was constant**, certain 
relations hold between the remaining parameters.  Thus the wing torsion- 
aileron flutter speeds are connected by the relation 

• 

... (2) 
1      6   v 

-ts- (   •••) 2 = constant 
aom 

Similarly, the flexure-aileron flutter speeds are related by 

-ä-  (-^r-)z = constant,  (3. 
B'J 

where in equations  (2) and (3) s is the aeui-span aml*j   is the wing 
flexural stiffness. 

Roxbce Cox showed also    that equation (2) hold:: for the critical 
speed for wing divergence.       To complete the  study,  he wade a survey 
of the values of the criteria (2) and (3) achieved by a largo number 
of aircraft.      In view of the interest then attaching to wing don3ity, 
which had been shown by Pugsley3 to be important in relation to wing- 
aileron flutter*** he plotted those valuos against wing density. 
Though there wu considerable scatter, the plot showed a general 
tendency for the criteria to increase with wing density. 

* But the criterion itself is not non-dinonsional; 
in Para.6. 

see remarm 

* The wing density was not defined as such;    it was defined as   /o 
whore 6 is the mass per unit area.      This conception has given rise to 
the modern definition of the density   o"w« 

*•* This was true for the s.nall values of wing density which wore then 
common. For modern wags, which have nuch higher densities, density is 
much less important;    see Liter. 

4. 
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The value of t c criterion (2) was further underlined by studies 
of loss and reversal of aileron control;    it was shown by Pugsley and 
Boxbce Coxr that in the evaluation of .-.ilcron power of a laonoplane, 
the criterion (2) plays an important part. 

The fact that the criterion (2) night be of great importance in 
the prevention of flexure-torsion flutter VM first thrown into relief 
by the appearance of lussncr's flutter speed formul.--, which was described 
and discussed by Pugsloy5.      Kussncr's fomula states in effect that 
(within limited ranges of the parameters) flutter ••/ill be «voided 
provided 

nc 
>  k • to 

where k is a constant flivd n is the frequency of the predominantly 
torsional mode of oscillation found .in a ground resonance test.      Now 
for families of wings of similar plan forms and having similar distribu- 
tions of mass and elasticity, the frequency n will be proportional to 
the square root of the torsions! stiffness ng  divided by the torsional 
iTcjr.ni of inertia   "»ae»1'»    henco (k) can bo reduced to 

1 
<- 

e 
Bcia 

1 i 
_\?  > i:or   1 
I w .(5) 

where k is a constant.      This result agreed remarkably well with the 
findings of itoxboe Cox;    and accordingly in a paper on wing stiffness 
Pugsley" proposed that criteria similar to (2) and (3) should be 
adopted as design criteria for aircraft.      Pu^sloy here defined two 
reference sections, the mid-aileron and equivalent tip socticno, and 
introduced the distance d from root to equivalent tip into the criteria 
in place of the semi-span s.     Ke also pointed out that the torsional 
stiffness criterion is of mere importance than the floxural criterion. 
The actual numerical values proposed wore based on statistics of 
achieved criteria. 

At about the srjae time, the criteria were given the status of 
reoojaiended practice in A.D.T.1M9';    and shortly aftorwarfl», the 
mandatory document A.D.U.374-8 appeared, which defined the torsional 
stiffne3s criterion substantially as it now appears in A.F.970. 
A distinction was drawn between wings with wing engines ond wings 
withojit engines.      For the former, a constant value, intlcpendcnt of 
wing density, was required for the criterion;    for the latter a linear 
variation between two given donsitics.      This linear variation is an 
approximation to the parabolic relation given by (?) within the range 
of density defined. 

3       Subsequent Theoretical Investigations of I-'lcxuru-torsiun Flutter 

As has already been indicated, the wing torsional stiffness criterion 
was not originally concerned with fler.ure-torsion flutter, except in so 
far as divergence can be regarded as a part of this question.      However 
as its importance in the role of a preventive of flexure-torsion flutter 
became realised, the practice developed of expressin,: the results of 
researches into flexure-torsion flutter, in terms of quantities closely 
allied to that of the criterion.      The present paragraph seta out the 
wain advances resulting from those researches;    since they all relate 
to the same subject, it is convenient to describe them under autiior 
headings. 

First, however, it should be noted that the \4ngB of modern air- 
craft (or at least the military types) an; very different from those of 

I 
— ?cs 
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ten years age la respect cf .wing density <fw and of ratio of flexural tc 
torsional stiffness r.     As regards density the -.reicht of wings hr.s 
risen as a consequence of the usual adoption of all nctal construction 
to tiuct the strength and stiffness denand-d by uodcrn high speeds;    to 
obtain inertia, relief noro and ivore .-.-eight (such as fuel) h&3 been 
distributed in the wings, and auxiliary nasses such as ailerons and 
arnancr.t have bocor.ie larger.      In consequence er., has risen fron the 
value 0.2 lb./cu.ft.  coti.ion ten years ago *° rL value nearly ten tines 
as great.      Koroovcr, the essential factor in donsity considerations is 
not the absolute \:ing density but its ratio to the air density;    and 
since on the average nwdorn aircraft fly hi^er than those of ten years 
ago the average effective v.ing density has risi.n fro:i this cause also. 

The ratio r is defined in the light of the criteria (2) and (3) 

r3(-4-)/(~rV) .(6) 

Ten years ago r con aonly lay in the range between 5 and 10.  In the 
intervening period, however, the average value of rig has risen at a 
far greater rate than IJ,  while external bracing hau largely disappeared, 
so that a good uean value for r nowadays 'is about unity. 

3.1 Will Jans 

The work of "/illiaiao" mi carried out at an early date, sane 
years before the criterion gained currency.  The .Xfocts cf variation 
of a large nunbor of pcrai.icters wero examined, and the principal 
conclusions './ere 

(a) The ratio of torsional to flexural stiffness should be as 
largo as possible, 

(b) Sm."ll forward raovcucnts of the- inertia .axis can havu powerful 
stabilising effects. 

(c) Rear.vard novene-nt of the flexural axis (within the liiaite 
pe-mittcd by considerations of divergence) is favourable. 

(d) Increase of King .density or decrease of air density is un- 
favourable. 

' 

(e) The effect of hysteresis is snail. 

Although the v;ing considered, being rectangular with o\-, = 0.2 lb./cu.ft., 
is unrespresentative of nodem practice, the conclusions, (a), (b), (c) 
and (o) still hold good. 

3.2 Duncan and Lyon 

ID In this investigation'" a straight-tapered wing was as3«.iod;    the 
flexural axis was kept fixod at 0.3 chord fro.u the loading edge, and 
the following parrj.ieters were varied:      (a) the r-.tio of air density to 
wing density * ,  (b) the ratio of flexural to torsional 3tiffncss r 
(see equation (6) ),  (c) the position of the inertia axis,  (d) the 
structural dfunping.      The results are expressed in a fom clo3cly allied 
to the inverse of the tor3ior.al stiffness criterion and alternatively 
in the form of a Kttsaner   coefficient.      The principal conclusions are 
that in alnost all cases 

•. 
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(a) For a given torsicnal stiffness, reduction of flexural 
stiffnos3 is beneficial 

(b) Increc.se in the torsional stiffnoss is beneficial 

(c) Forward raovcaont of the inertia axis produces a narked rise 
in critical speed» 

(d) Thcs influence of structural dcirpinn is not very parked. 

(e) The value of the r.ussner coefficient depends acutely en the 
position of the inertia axis. 

(f) Increase in win;? density lovers the critical flutter speed, 
but not indefinitely; an asynptotic condition is rco.ehod whore the 
critical speed tunds to a finite value fcr infinite wing density (this 
conclusion was not new, having been discussed earl:- ur in relation to 
propeller flutter'*). 

The divergence speed was also discussed, and an „'.ppendix drew 
attention tc- the difference between the stiffnesses appropriate to the 
flutter condition and those found in a stiffness t^st. 

i.3   Duncan and Griffith 

1- 
Thia was the first research  in which the \itnz taper waa system- 

atically varied.  'with this addition the Work was in the ualn an 
extension of that describe'1, in 3.£; there was hov/ever, the difference 
that the inertia axis was kept fixed and the poaiti n of the flcxural 
axi3 was varied.  Throughout the vcrk, the uodoa of dofornaticn were 
kept constant.  The conclusions additional to those of 3.2 are 

(a) Increase in toper i3 beneficial 

" (b) Rearward, novoiiunt of the fleKural axis ic beneficial. 

Regarding (b) it nr'-y be noted that a cenparison of the results 
of the two investigations'10 »l^t sho\,-a that rearward •. '.ovonent "of the 
flexural axis is not as beneficial as forward uoVctnent of the inertia 
axis; this is of course consistent with the veil laiown result that the 
optiiiuu condition is that for which tlic inertia and i'loxurol axes coin- 
cide \Ath the axis of independence ^5    (i.e. arc no:.r the aerodynamic 
centre). 
3.4 Jahn and Jiuxton 

Thi3 wia a research"''*" into the various i.iethoda of calculation of 
flutter speed adopted in Great Britain and other countries.  The basic 
parameters employed were not stiffnesses but frequencies, and hunce 
the results do not bear directly on the question of the stiffness 
criterion.  However, one result of inportanco ejicr.-cd, noiocly that the 
critical flutter speed ia strongly influenced by the asaiMBd oodo of 
wing torsion; the effect of the node of flexure is .mch les3 üarkod. 
Other conclusions of interest were that the addition of overtone modes 
(one in flexure and one in torsion) did not change the calculated 
critical speeds to any 'great extent, and that tho most important 
aerodynamical actions b;' far -ure two stiffnesses, namely the rates 
of change of lift and pitching moment viith incidence. 

3.5 Ruxton 

This work1-' is to be reporte''. shortly.  In essence it is -in 
extension of the work of Duncan and Griffith doaoribod in 3.3 to 

'. 

' 
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include varic.ti.on of the position of the inertia ."«is;    this variation 
to be given a wider range than in previous researches.     3uxtcn derives 
fron his results an ei.pcrical f omula for flutter speed \fhich shows that 
the position of the inertia rjcis is i.:uch »lore important than that of the 
flexural axis.      He oxrxiinea also the flutter of r.n elliptical wing, .and 
finds that it has .;uch the saue oriticr.l speed as a straight-tapered 
wing of taper ratio about 0.6. 

1. the acdos of doformtion As in the werk of Dune.-«»   and Griffith 
were not varied with the taper. 

A       The pro3Cnt investi/rati :n 

The work described in Para.3, and that of I>uncan and Griffith in 
particular, had given a 3trcng indication of the riost inportcnt pnrauetcrs 
in the preblen of flexure-torsion flutter;    and accordingly a siuple 
extension of the tcr3ional stiffness criterion was tentatively sehe- .ed. 
It was based on a diagrtu.i of the kind shown in Fig.1, which has been 
obtained from the ro3ults of Duncan and Griffith. 

Three min curves are shown, A, B, r.nd C.      .'. is the parabolic 
variation of the criterion (1) with o\ suggested by Pugslcy;    B is the 
actual variation of the criterion Civon in the requirements.      Tho curve 
C is the value of the criterion for one of thowingc considered by 
Duncmi and Griffith   at its critical flut':or speed; i.e. V„ has been 
substituted for V in the criterion.      ?hi:^ curve, described" for simplicity 
as "standard" has a tr.pcr ratio k (tip chord divided by root chorC) of 
0.6 and a value of the stiffness ratio r of unity.      Tts flexur.al axis 
is at 0.3 chord and it3 inertia a,;is at O.A chord aft of the leading 
edge.      It may be noted that the curve i3 roughly parabolio near<rv/ = 0 
(though in fact it does not pass through the origin);    but that as o-w 
is increased the 3lopc of the curve soon beccnes w:ry srvJLl, and for 
values of cry, greater than about 1.0 tho ordinato is not very different 
from that of the asymptote corresponding to infinite wing tensity. 

buppoBe that, for exaqplo,  this standard wing has a wing density 
of 1.2 lb./cu.ft, :.nd r. torsional    stiffness such that, at its riaxiaiua 
diving speed of 500 ft./sec, the torsional stiffness criterion ju3t 
has the required value of 0.04.      Let the speed V appearing in the 
criterion (1) be regarded as a current variable.      7'aon as the speed 
rises fraa a low value, the ordinato at er-., = 1.2 drops, until at-a speed 
of about AOO ft./sec. tho parabolic curve A is reached.      i- furthor rise 
to 500 ft./sec. brings the ordinato down to curve B.      :. further rise 
brings the point down towards curve C, which i3 reached at a spce^- of 
about 800 ft./scc. - the critical speed.      Thus the .lifforonoo between 
curves B and C represents the s-.xfety mxgin between the l.iaxinuu diving 
speed and the speed of onset of flutter. 

The curves in the neighbourhood of C show the effects of variation 
of some cf the relevant parauetcr3.      A change fro.i h = 0.3 to h = O.A 
in the flexural axis position give3 a slight iriprovenent in the flutter 
oondition.      A ohanga of r frou 1.0 to 2.D haB a rather bigger worsening 
effect.      The largest change shown is hov/ever, the inprovoucnt consequent 
on a change in the taper ratio k froii 0.6 to 0.3. 

Since tho margins of stability are evidently considerably different 
with differing values cf the parauoters, a staple criterion,  of the 
forüi 

1 
V 

("6 
•r >    C f^k) f2 (r) 

where f*  and f^ are appropriate functions would, it v*as thought, provide 
laorc uniform nargins.  Howovor, this tentative criterion was not put 

'  -^^T. 
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forward, ainco further werk auggestod that some important effects were 
not included. 

1*.1 Secondary T.ffcct3 of Vapor 

The Appendix to the present Report shows in ttetail the - tep3 
leading to the proposed new criterion, and gives the appropriate analyss. 
A brief description will therefore suffice here. 

It was reuarked in Para.3 that the assumed mode of torsicn could 
have a pronounced effect on the critical flutter speed; but the 
investigations relating to tapor assumed no variation of the mode of 
torsion vith tapor.  Accordingly a new investigation was made to 
determine the theoretical mode of purely torcional oscillation in vacua 
as a function of taper, variation of th..: i'-istribution of stiffness and' 
inertia with taper being chosen to represent average practical conditions. 
At the sane time an investigation was put in hand to determine how far 
the stiffness appropriate to the actual mode of torsion assigned 
(corresponding to the mode of torsion in vacuo) differed from that found 
in a stiffness test.  Hero an important factor iB the position of the 
reference section.  This question had been discussed by Victory'", but 
the results related to semi-rigid wings only; and it was concluded that 
the section at about 0.7-span from the root was the optimal.  A note by 
Collar^ 7 had again drawn attention to the difference between the 
Btiffncss found in * stiffness tust and that appropriate to a distributed 
load condition, and the question vae diseusaud more fully in relation 
to aileron power by Collar and Broadbent^ in a report fron which the 
importance of the reference- suction may be deduced.  It had of course 
been demonstrated at a very early date"-' that the difference between 
static and dynamic stiffness could be very largo when the reference 
section for a fluttor problem is taken at the tip. 

The results of these two investigations were next embodied in 
further calculations of the- critical flutter speed of a family of 
Btraight-tapered wings.  The "wing density chosen for these calculations 
waB o*vf = 1.6 lb./cu.ft.; the principal variables assumed were r 
(atiffneBS ratio), k (taper ratio) and g (position of inertia axis as 
fraction of chord from leading edge).  Some additional calculations 
wore also made of the effect' of h (position of flercural axis).  The 
main results arc shewn in Fig.2, where the noii-dimcn3ional quantity 

B   .VcPfy (-V-)- 
** nv 

\ 

is plotted against r for various values of k and g. 

:,..'.-   An Kxpreaaic-n for the Critical Speed 

Prom Pig.2 the variation in critical flutter 3peed with the relevant 
parameters may at once be read off;    and it is evident that we may write 

m 1 . 
~-   (—S-)*    = Cp    *F (k, g, r, h) • (7) 

do. 

'- 

where V   is an equivalent airspeed. 

The determination of a really accurate function F would in general 
present considerable difficulty;    fortunately however,  quite good 
accuracy can be achieved by expreBsing P as a product of four factors 
each involving only one of the parai.ictera.      Uoreovcr, within the 
practical ran&e the. four factors can bo expresaed as simple functions; 

9. t 
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in fact, it will be found that the following expression gives curves 
very similar to those of Fig.2: 

' (E-O.D (1.3 -h)  (8) 
1   ( XT 0.9 p, 

(1 - 0.8k + 0.1*?)  (1 - o.1r) 

4.3 The Effect cf Compressibility 

In all work described above no account has been taken cf the 
effects of comprossibility.  Very little research on this question 
has in fact ever been carried out.  Insofar as it is generally 
accepted that the ujual dauert correction^ can bu applied to quasi- 
static conditions below the critical .iach number, there is a case for 
auch a correction, since divergence is part of the flutter problem. 
Moreover, the work of Praaer20 on compressibility effects on flutter, 
supplemented by some unpublished vor'/, due to Jahn, has shown that in 
soiae circumstances the flutter speed can be Modified by an amount 
equivalent to that of the ftlauert correction.  Accordingly it is 
proposed to introduce this correction into the criterion, subject to 
the limitation that for -ioh numbers in excess of 0.8 only the 
correction appropriate to a .'.ach number of 0.8 need be applied. 

4.4 Spanwise Variation of iiacs Distribution 

It is evident from (8) that almost the most important poromoter 
in the flutter problem is the chordwiso position of the mass centres 
of the sections, do'f ined by g.  A rearward movement of the centre of 
mass from 0.4 to 0.5 changes the relevant factor in the ratio 4 to 3, 
and thus implies, for a given critical 3pcecl( a stiffness incroaso of 
nearly two to one.  Hm/cver, it is well known that it is mainly in 
the outer sections of a wing (which suffer far bigger displacements 
than the root sections) that the chordwisc distribution of mass is 
potent in affecting the flutter problem.  An indication of this may 
be provided by the work of iiinhinnick and Yarwood*1 on the flutter of 
a v/ing carrying concentrated masses (engine and undercarriage) near 
the root.  Additions of mas3 corresponding to about one-tenth of the 
engine mass produce no significant oh-mge in the critical flutter speed 
of the bare wing, though the ohange in the position of the local centre 
of mass over the inner third of the wing sp.-ji is very large. 

Accordingly, it appears that in equation (o) it is sufficient if 
the value of g is determined by the chordwisc position of the centre 
of mass averaged over the outer half of the 3emispan only.  It may 
bo remarked that frcm the flutter viewpoint it is extremely advantageous 
toarrnngo the distribution of na3s in the outer'half of the wing to bo 
such that the centre of gravity is as for forwr-rd as possible. 

5   The Proposed Hew Criterion 

In view of the remarks in Para.4 and of the expression for the 
critical flutter speed given by equation (0), the following torsional 
stiffness criterion is tentatively propr-BbiX: 

1 
V ft 

> C 

with* (H) = (1 - M2) 

= 1.29 

4 

(tT-0.1) * (li) 

(1 - 0.8k + 0.4k2) 

, 0 < ii< 0.8 

, 0.8 < II 

(9) 
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and subject to the linitaticns 

0.35   <    e    <   0.55 

0.25   <    k    <    1.0 

Tho value of the constant C would bent be determined by a study 
of iialues of C appropriate to aircraft which have flown;   but si probable 
value will be about 0.06.      This vould give ft ratio of critical spoed 
to maximum diving spood of about 1.3.     It is relevant hero to compare 
equation (3) with tho inequality (9).      It will be observed that tho 
compressibility correction # (li) has been introduced, but the factors 
involving h and r have been omitted.     This oais3ion is made for two 
reasons.     Pirat, within practical ranges cf variation (usually 
0.2<h < 0.2«. and v<r<2)*thc effects of tho factors arc not groat,  at 
leant by comparison with the effects due to the e::trunos of change in 
g and k.      Secondly, it is not usually possible to estimate h and r in 
the early stages of design;    indeed,  so far as r is concerned, it 
cannot be evaluated until tho left-hand aide of (9) is known. 

Accordingly, it is proposed that the factors involving h and r 
should in general be omitted;    they might however, bo re-introduced 
when a borderline case is under consideration from the point of view of 
the granting of a concession. 

6       Further lievelopiucnts ftgg Ccranonts 

The foregoing suggestions have so far related to wings not carrying 
wing engines.      Tho state of research on the flutter of wings carrying 
wing engines is not such that it is possible at present te formulate 
any criterion of a simplicity corresponding to (9).      However, there 
seems to be no reason to doubt that the factors depending on g, k and M 
will bo much tho srjae in the casu of a wing \fith win;» engines as for 
a plain win).;;    probably the former cr.se should include 3ome new factor 
depending on the location and mass of the engines.      At the present 
stage hewevor, it 3oer.-;3 that tho best that can bo done is to follow 
the precedent of the existing criterion and use (9) with a different 
value for the constant C.      As a check,  it may be worth while to apply 
equation (8) to that part of tho wing outboard of thu outermost engine 
in order to obtain an approxiriatc estimate of the critical flutter 
speed.      The Bpeed obtained in this manner should of course bo modified 
by the application of the compressibility correction. 

A development which may be anticipated relates to tho method of 
determination of the 3tiffncss i.^.      At present thin ie appropriate 
to symmetrical applied torque.      Research at present in hand suggests 
however, that, when bodily freedoms of tho aircraft are taken into 
account, the antisymmetrical flutter condition may appoar first, and 
in this case tho antisymetrieal value of the stiffness m« would bo 
required in tho criterion. 

Again it is to be rcmarkou that tho proposed criterion (9) has 
been developed on almost purely theoretical grounds,  sind it is obviously 
highly desirable to obtain scmo experimental evidence of its validity 
as a preventive of flc»iro-torsion flutter.      To this end,  0. family 
of model wings of equal span ?.nd moan chord, but having different 
tapirs is being constructed and is to be subjected to wind tunnel tests: 
it «ill be possiblo to vary the parameter g in all cases.      In this way 
it should be possible to obtain ft check on tho factors involving g and 
k in (9) and an indication of tho appropriato valuo of tho constant C. 

11.     . 
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A problem of current interest ic that of the stiffness of swept- 
back wings.  It must be emphasised that the criterion (9) t«3 developed 
relates to unswept wings, ÜA research into the flutter of sweet •..ings 
\/ill be necessary before it can be assumed that the criterion \s)  is 
adequate for swept wing3 or whether (as is probable) it requires 
modification.  In any case, it scaaa certain that the stiffness of 
swept wings will depend acutely on the ;?robloms of lateral control and 
longitudinal stability. 

One further rework i3 desirable hero.  The criterion (9)» in cons.icn 
with all existing stiffness criteria, is not non-din^noional, and 
accordingly the numerical vvlues arc not lipplicablo, for example, to 
the netric system.  The criteria could bo riado non-dimensional by 
multiplication by p0 ~5 i.e. by the factor 20,5 in *hc nuuorical 
value required; the additional factor p'ST would then appear with V in 
the denominator of the criterion and V would bo a true speed.  If it 
wore thought desirable to make 3uch a modification it would probably 
be best to square the criterion (and all others) and to «qaross it in 
a forn such as 

JL 
.vV, 

> X 

whero Tv is the non-dlnenaional factor appropriate to the case.      Thia 
course would give the value of thu required stiffness directly, and 
would avoid the somewhat arbitrary necessity of evaluating the fourth 
root of (1 - V?) in the compressibility correction.      At the same tin« 
it night be \/orth while to replace in the wing stiffness criterion the 
spanwiso dimension ü by the acmi-span 3, since d has no apparent 
advantage and i3 not quite 30 readily computed. 

12. 
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List ;f Principal fo-ibcla 

Critical speed parameter lofinod in Para.4«''» 

A constunt defined by the inequality (1) i.ioo the current 
stiffness per unit length in the appendix. 

Stiffness per unit length - value at win..; root. 

Current value of torsional noucnt of inertia per unit length. 

Value of I at the v/inj root. 

Uuh number. 

Strain energy. 

Kner^y in static node. 

Encr£' in dynamic node. 

Airspeed - usually an equivalent airspeed, except where 
associated with p . 

Critical flutter speed. 

Current value of Wing chord. 

Boot value of c. 

Tip value of c. 

iiean value of'c. 

Value of c at refero.ice section. 

Jistanoe i'rciu win*; root to equivalent tip. 

Defines position of inertia axis oft of win» leading edge. 

Defines position of floxural axis aft of leading edfjo. 

Ratio of tip chord to root chord. 

Floxural stiffness as measured at reference section. 

Tortiional stiffness as ..wsaaurod at reference section. 

Effective value of D in flutter. 

Torsional frequency defined in relation to equation (A-), 
also index of flutter r.ioäe defined by equation. (A.13). 

Fundouontal './in;; torsional frequency. 

Stiffness rr 

Serai-span. 

\    (Li!'  ^dA / 

' 
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lust cf Principal awbols (Ccntd) 

y Spr.miac co-ordinate, 

a,ß Constants dcpendin» on taper pivon by equation (..1.11). 

TJ >"or.-dincjisi;.n\l 3panwise co-ordinate (= y/3). 

T0 Value of TI at reference section. 

Current value of torsional amplitude. 

Functions defined in Para.2.12 of the appendix. 

^ir density. 

V:-.lue of p at sea level. 

Wing density. 

Function of taper (= 1 - 1c). 
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The effect of taper on wing flexure torsion flutter apocda 

i 

E.G. T'Toodbcnl, r.A. 
-    otiu 

Slisabeth B. Puttie!:. 

Intro-met lor. 

In the main text cf the present ropr rt refcror.ee has been iiade to 
the work of Duncan and Griffith12» >4d Buxton'15, both of whou include 
the effect of taper on \/ing flutt-r speeds in their rcacarchoa.  The 
present investigation wem prouptoü by the consideration thr.t the uodoa 
of vibration of a wine -ro likely to vary -;ith its taper and thereby 
contribute to the overall effect on the flutter speed. 

The flutter problem i3 approached in the strvndr.ru \/ay by the 
as3uuption of two aemi-rigid '..lodes, one of pure flexure and the ether 
of torsion about the floxural a;:is.  It ha3 been shown by Jahn and 
Euxton1*»- that variations in the floxuri.l nod« are of nuch loss importance 
than variations in the torsional node, rso for simplicity the floxurrl 
node is kept constant for the different tapers.  The oei..i-rigid 
toraional node is assune-a similar to the fundamental torsional l.iodc of 
the v.dn;r vibratinff in vaouo; the latter node is first calculated for 
each wing and an approximation to it, Dore suitable for use in the 
flutter calculation, is then adopted. 

The result3 obtained in the pie'sent investi ;ation show aonc 
difference fron those of Rofs.lü and 15, but the effect of the different 
nodes is not jrei.t; such aa it is,, however, the variation of critical 
speed with taper is reduced.  Lut these results all refer to winga 
havihjT the sw.'.e torsional stiffness as moasivod in •- stiffness tost at 
the reference section (0.7 8 fro,i the root).  That this, utiffruss is 
leas than the effective stiffness in the actual torsional Qodo of 
vibration hr>.a been recognised foraouc ti.io, but jirovicucly, so far aa 
the writers are avaro, no attempt hais been raade to cstir.'itc hov: the 
nagnitudo of this difference depends on the static nod dynauic toraional 
modcB and on the location of th-. reference section.  The effect is in 
fact considerable.  It is discussed in Para.3 of this append!::, and 
it is shown that the effective atiffnesL, of ft strongly tapered wing is 
relatively nuch greater (for the standard reference section) than that 
of an untapored or slij-htly tapered wing. 

Finally a brief enquiry io iiiade into the <iuestion of determining 
the best liroar taper to use as an approximation for wing3 v/hose plan 
fona is not straight tapered.  One or two variations of an approach 
depending on the least squares principle arc tried, but it is concluded 
that Hirst's conventional ncthod is the uost oatiafactory. 

2   Variation of the 'foruional . .o-.c with T.per 

The calculations are baaed on the rjasuuption that the toraional 
i-iodo under the flutter conditions is not very different fron the 
fundamental toraional mode oi" vibration in the absence of :\ir forceB. 
That good justification exists for this assumption has been demonstrated 
in R A II 171622.  In Pig.H of that report the two uodoa are directly 
compared, and if the anplitudcs are :.vado to coincido at the reforencc 
section ( TJ = 0.7) instead of the tip, the only appreciable discrepancy 
ia at the tip where the flutter node riaea noro sharply. 

1B. 
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In ac far is the present investigation is concerned, this effect is to 
seme extent compensated by use of the approximate nodes of Porn. 2.2 in 
this Appendix. 

2.1 The ?Zxact Soluticr. f.;r the ?undr.ncr.tal Torsicnal i.ode 

2.11 Definitions 

The geometrical assjoptions made ore shov/n in Fig.3.  Four 
different taper3 are considered such that 

ot/cc = 1, 0.75, 0.5 and 0.25. 

Finally it is assjr.ed that the local values both of stiffness and 
inertia arc proportional to the fourth power of the chord. 

These assumptions may be expressed in the forn 

C = C0 (c/c0)
4   ) 

(A.D 

where 

• 

C is the local stiffness and Cj, the root value 

and 

I is tho local moment of inertia about the flexiTal axis', and 
I    is the root value. o 

For convenience wc define the taper by means of a quantity * ouch that 

o = c0 (1 - TT] ) (A.2) 

whore      T|     • y/b is a non-dimensional sponwiso variable. 

The equations (A.1) .'.lay now be written 

0 = C0 (1 - tU )k ) 

1 . I (1 - TT, )4   j 
0.3) 

\ 

2.12 Solution cf the Differential Equaticn for Torsional Oscillations 

The method adopted follows closely that given by Walker ^.  The 
differential equation for torsional oscillations of the wing may be 
written 

"  s     ae 
ie • -37 Co -57 J " ° UA) 

For the fundai.icntal mode of vibration, moreover 

« • 6-1 sin (nt + « ) 

or ff P2e 

* In tho flutter calculations, the r.ia.ient of inertia about tho axis of 
inertia is assumed proportional to the fourth power of the chord, with 
the MM constant of proportionality appropriate to the different wings. 
However, the mass per unit span is assumed proportional to the square of 
the chord so that for a given wing the equation (A1) still holds about 
the flexural axis. 
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Whence,  substituting in   (A.4) and chan^inc the variables we have 

7   « i CQ (1 -   n\)± 

by use of the equation (A.3) 

I0(1 - '»^'»-O       U.5) 

The equation (A.5)  1B nor.7 nodified to a f orn of Vessel's equation. 
It ia»y readily bo verified that by unking the substitutions 

and    9 •   0£ 

the equation reduces to 

•3/2 

^^- * -*-{<;2 -«+*«£• o (A.6; 

vhere 

*2 = e2.2 
P2 Ic/Co. 

The solution of equation (JU6) is 

# • A .T3/2 (i») • r 
-3/2 («) 

(A.7) 

where A and B are arbitrary constants anil .T refers to the apprcpriate 
3esscl function.  It, this case the Besscl functions nay \<o written :\a 
simple trigononetrieal expressions, r.nd the solution is accordingly 

•'!. 

(I3/2 <f<    = 4.(3in u - U cos/i )  +• p(- li Bin |l - cos JJ) 

This equation nuot satisfy the end conditions that 

6=0 when n   = 0 

and 

* 0 when T\  = 1 ) 

(A.8) 

(A.-- 

The substitution qf conditions (A.9) in equation (A.a) yields too 
equations frcia which a relation between A and B ia obtained, thus 
•specifying the node of vibration; a second relation between the 
relevant parar.ietors is also obtained v/hich will Give the frequency. 
After carrying out this process, the resultin," equations tiay be written 

ß? (1  -  xr\) ' * • {•> Jg  (1 - vn)] 

. 
ß  (l 

a jsiiJß (1  -  ft] ) 

- cos 
vr\. 

ELJI 
Pd 

whore 

and 

» COLlß lia ß 
ß   sinß + cos ß 

tan*ß     ,   pfc«   -f (1 - 1   )2] 
3 + ß2 (2 + T)(1 -l) 

20 

TTl 

; 

[ß (1 - •»)]] 

(A.11) 

• •   - , 
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It is interesting to observe that the index r. increase with taper 
and is about anity for an averaje taper of 1 = 0.5.      For the condition 
X = 0 it uay bo scon that ß = %/2 (frcm equation (A.11)) which leads 
to the well Vnw.nrj result that the exact node ia a sine curve, and in 
the ipproxl-.rttisn r. is about 0.7.      Table 1 «jives the variations of 
the index n with taper. 

T.ible 1 

f 

•* v- _    tip chord 
root chord n 

0 
0.25 
0.5 
0.75 

1 

1/2 
1A 

0.6Ü0 
O.o35 
0.968 
1.079 

3   Tlio variation of effective stiffness „ith taper 

The investigations carried out under the above heading have proved 
to bo among the most iuportant, quantitatively, in the devolopment of 
the now criterion proposed in the min text.  The whole of the effect 
may be related to two defects in the serd-rigid hypothesis adopted in 
flutter work; namely that the predicted critical speeds vri.ll in fact 
depend on the reference section chosen, and on the relation between the 
effective stiffness in the mode of vibration and the stiffness which 
would normally be measured by r. stiffness te3t.  In this paragraph 
an attempt, based on the assumption of Para.2.11, is made to compensate 
for those defects. 

3.1 The Choice of a Rgforgnoe Section 

.16 This question has been considered by Victory .  For one particular 
plan form, 8he calculated the critical flutter conditions with different 
assumed .Modes of vibration, and concluded that variations in critical 
speed vere miniaised if the reference section v/ere chosen at about 0,7s 
from the root.  If therefore the modes for any given wins were not 
known, the probable error in critical speed would be least if this 
reference section were adopted, .*' 

In the present investigation, as detailed in the following paragraph 
the relation between the measured und effective stiffness is examined 
for each taper, and for a range öf values of the reference section. 
It was hoped that the reference section [living the peak.value of 
(mfl /nig ')  where m. is the measured and ou « the effective» stiffness, 
co*;ld be chosen a3 standard, and that if this peak v/oro about constant 
and not far fro» unity the Measured stiffness could be used directly 
in the flutter werk.  The results, however, show widely different 
characteristics for the different tnpers, as nay be seen in Fig.9, 
where the ratio (m- /ufl 1) is plotted against the value of r\ at the 
reference section.  IT is evident that an effective atiffness allowance 
must be made; and from this consideration, tjid from the positions of 
the maxima 3hown by the graphs, there is clearly no case for changinc 
the reference section from the standard one of ti = 0,7. 

I 
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3.2 The Effective atiiTr.ess for 
Different Tiuers 

iffercr.t :~.^croncc Sections and 

The problem is approached by the consideration of the energies'in 
the two relevant modus; the enc node is that obtained by the method 
of Para.2, and the other is that appropriate to a concentrated torque 
applied at the reference section.  The dynamical mode adopted is the 
exact mode derived for the fundamental torsional oscillations, and 
not the approximate node used in the flutter calculations.  The 
reason for thi3 xrooedurc is that the flutter mode is purely a geometrical 
representation of the exact mode for aerodynamical purposes, and v;as 
derived so as to have as little effect as possible on the critical speed 
which would be appropriate to the exact mode.  The stiffness of the 
approximate mode is not, therefore, relevant to the problem, and in 
fact it may be noted that the root condition of torsional oscillations 
is not satisfied. 

The problem'of the untapercd v.inc is considered first; the solution 
for the tapered wings is the same in principle but alcobraically moro 
complicated. 

3.21  ^'hc Untr.perod \:inr_ 

The strain energy in the ving is derived from the general equation 

• dU '(•»Y an (A.16) 

\7o fir3t consider the case of a static concentrated torque applied 
at some reference section t^.  As C is constant in the present cose, 
the mode of distortion increases linearly as far as the reference 
section and is constant beyond that 3ecticn.  If the twist at the 
roference section is 60 tlic energy is {riven (from A.16) by 

<.--r*'+&y in 

2 
0 o 

1o (A.17) 

For the dynauic mode Ö in proportional to sin 
by definition, 6 = 0o whonYjs 1^, we have 

1 n t and since, 

e = e, 
sin (A.18) 

• 

Whence, again by (A.16) 
2       6 2 1 

'      C    .  Ä g 
DT 
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if a-irf K/2   y\       o o 
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The ratio of energies is obtained from equations (A.17) and (A«19). 

•\ L
: 

*K 
sin" (-J-) 

Moreover, as the twist at the reference section is the same in the 
two modes, this rr.tio is also the ratio of the meas>ircd stiffness to 
the effective stiffness.  Whence 

sin ( -jT •} 
(A.20) 

The ratio (rag /ne ) is plotted in i'ig.8 against tu f*cu equation 
(A.20),  It can bo seen iYom this graph, or obtained analytically, that 
the peak occurs at tic = 0.7A- approximately, and for thi3 condition 
the ratio is a little mers; than 92??.  Por tL unity, moreover, the .. 
result agrees v/ith that obtained by 'Duncan and Cellar in R A -i. 1518 . 
In Pig.10 the static anddyiw.iic modes art oa.ipared for the standard 
reference section, and this comparison doos suggest that the static 
mode resembles the dynamic mode nost closely for a reference 3>.ction 
at a value of t\ of about 0.7. 

3.22  The Tapered V.'ing 

The static mode is ro longer linear, ani   is ^iven by 

f vr an 

whence 

and 

* co   t (1 -<rn)' 

6n   (1    -   ^o)3.       1    -   (1    -*Tl)3_ 

1  - (1  - *T10)
3 (1  - Wl )5 

dr» 
e» (1 -tno)3 3* 

1 - (1 -f%Y (1 - -m ) 

The energy in the static   mode is therefore (by (A.16)) 

n _ 4u fe- ü - a ->3 >2 ?° _iii— m 
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.To determine the energy  in tho d,T.amic modo U, is found by T        dtl 
The roault is uo complicated algebraically differentiation of (A.10). 

that the Integra Lions for U• have been carried out graphically (by use 
of Simpson's rule).      The ratio US/UT or m» /me 

1 is then obtained 
directly as before. 

The graphs now obtained for m$ /tag 1  are plotted against the 
reference section in Fig.ü.      These graphs show that the peak of the 
curve racves towards the root aa the taper becomes more oxonounccd. 
At the same time tho ordinatc at the maximum increases with taper while 
the  taper is small, but as the taper becomes more pronounced it starts 
to fall off again.      For high tapers thi3 fallin; off of th • maximun 
together with its inboard trend causes a pronounced variation in tho 
'ratio nia /M« 1 for tho standard reference section ( i\, = 0.7) such that 
asi varies from J to £ the ratio drops from .0.97 *° 0.69,      The variation 
withx for TI0 = 0.7 is given in Pig.9« 

For tho purpose of comparison with .Fig. 10 which applies to the 
untaporcd wing, the static and dynamic modes are shown in Fig.11  for the 
standard reference section whcnT = 0.75.      The disparity between tho two 
modes is greater in tho case of tho strongly tapered wing,  as would be 
oxpeoted   from the energy difference. 

3.3    Relation to the Criterion •   . 

As the criterion proposed is primarily a flutter criterion, the 
torsional stiffness on which it depends should be that appropriate to 
the flutter TOde - the effective stiffness U'Q   .      ?his stiffness, 
however,  expressed in terr.i3 of tho  stifi'n;r.s as normally measured in a 
static test,  depends only on the taper with the assuraptiofflmade in the 
present report and for a standard reference section.      For obvious 
reasons it is more convenient that the stiffness put into tho critorion 
should be the normal tost value,  and iceordingly the variation with * 
given by Fig. 9 is incorporated in tho cver-vll variation with taper, and 
is implicit in the right hand side of equation (£)) and tlio relation (9) 
cf the main text. \ 

• 

k-       Tho Flutter Calculations :'r 

Tho basis of the flutter calculations is the method described in 
R. & u. 17821°.  The same binary approach is followed, and apart from 
the exceptions given below tho seme assumptions are uade.  In those 
circumstances it has not been thought worth while to reproduce the 
flutter oquationa here; in the main they are identical with those 
given in R. A .,.  1702, and the 3light r.iodif ications necessary to tho 
various integrals are quite obvious.  One point of similarity, 
however, deserves special mention.  T"he aerodynamic derivatives used 
are the constant derivatives first introduced by Duncan and Collar1', 
and adopted in nany later works (Refs.10 :jid 12 for example).  These 
derivatives do not vary with 'taper, and thereby introduce an assumption 
which may affect tho variation of critical ^poed with taper, and which 
has not boon justified experimentally.  For although derivatives 
have been measured on both tapered and untaporod wlaga (the results arc- 
given in two papers, 24, 25 by Williams) the results available are net 
sufficiently systematic or complete for a variation with tapor to bo 
deduced.  Tho experiments mentioned in Para.6 of tho wain toxt may 
provide some valuable information on this question. 

Tho differences between, the present calculations and thoso of 
R. & M.1782 may be summarised as 

to> 
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(i)    The torsional »ode is Varied T.-ith taper as described in Parr.,2. 

(ii) The flexural node is assuacd parabolic. 

(iii)Thc sectional moments of inertia   .re assumed constant (for •- 
given chord) about the axis of inertia.      For the ton» 
involving this moment of inertia in the flutter equations 
(the   8 tc»:ia) a correction is appliod to give the value 
appropriate to rotation about tlie flexural axis. 

(iv) The solution in terms of lag   is connected to a solution in 
terms of Ug by tlie :aethod of Par:..3. 

Some brief oenwents on those points way perhaps be worth while. 
Points (i) and (iv) arc closely related and have already boon discussed 
in some detail.      The assumption (ii) i3 made chiefly for the purpose of 
simplifying the evaluation of the integrals.      The floxur.-J. mode 
adoptod in R. & ;i.178210 (and later in R. & W.18691'-) is an empirical 
one and would necessitate graphical treataont, whereas a mode of the 
forr.i f = knn i3 simply integrated analytically.      The nodo of R. C- K.17&2 
corresponds roughly to a v.lue of   a of 1.8, but the 3implu parabola is 
thought to be quite M typical of the mode's likely to be experienced in 
practice.      Point (iii) above i3 nado to correct a slight inconsistency 
in R.i 11*1788 where the moments of inertia about the flexural axis, 
and   not about the axis of inertia arc constant;    this wa3 pointed out 
by Buxton'5. 

The present investigation includes the variation of several 
parameters.      Those are indicated by Table II. 

Table II 

h = 0.3 h = 0.35 

1       0, 0.25, 0.5, 0.75 u, 0.1:5, 0.5, 0.75 

g      O.k., O.4.5, 0.5 o.i*., 0.45, 0.5 

r      0, 0.5, 1.0, 1.5 1.0 

\ 

i 

The value of o*w adopted throughout is 1.6 pounda per cubic foot. 
The results of the main part of the investifration,  given by the left 
hand side of Table II, are a\io\m in Fig.2,  ("hero k • 1 -*  ).      To 
complete the picture, the three graphs of B against x with different 
values of g arc plotted for each value of h in Pig.12.      In all these 
graphs the effective stiffness m'e   has been replaced by the measured 
stiffness IU by the method of the preceding paragraph.      It vill bo 
noted that the effect of h alone is small - especially so when the 
separation between the floxural and inertial axes it. largo. 

5       Definition of Taper in lion-linear cases 

The problem of defining the taper of a wing, which is not straight 
tapered has always been difficult.      Clearly it is not sufficient in 

26. 
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such ft case to take the ratio of the actual tip chcrd to the actual 
root chord; en elliptic wing, for example, could not be represented 
in this   . Jim ir. 

"here are two standard ways of defining taper, and three new 
net hods are considered here.      The five methods will, for convenience:, 
be referred to by numbers.      First,  the standard method». 

(0      Considor a straight tapered wing with the sane area,  tbo 
same span and same root chord u tlic actual wing. 

(2) The Biiiu es (1) but with constant mid-aileron chord instead 
of root chord. 

The first Method is that used for stressing problems.      The second 
i^ thr.t of Hir3t26 used in aileron reversal work;    here we adopt the 
section   t) = 0.7 (the reference section) rather than the mid-ailoron 
section. 

The new methods are .based en the principle cf loa3t ;   u-.ru-. 
]n cash co3o an equivalent wing is considered whose taper is given by 

chord = a + b *i 

where a and b arc constants. If o is the local chord on the actual 
wing, methods 3» k and 5 may be stated 

(3) the span i3.constant and £ (a + bri - o) dtj is a miniwum. 
o 

(V)  the span is constant and £ (a + bri- c) rfl. r\±s a minimum. 
2 2 

(5)  the span is constant and Z(a + hti -.c) TI drjis a minii.iun. 

'.iothod (3) is the normal least squares result, and methods (U-)  and 
(5) involve weighting of the tip sections.  It should be noted that 
method (3) automatically loads to en  equivalent wing of the 3orce area 
as the actual wing,  ilethods (4) and (5) on the other hand do not, 
and correction must be made accordingly to the valuer of c_ used in the 
criterion. 

Comparison of the methods is effected by first obtaining the 
critical speed of two wings, one of elliptical taper and tho other of 
polygonal shipc with soro taper at tho root'and pronounced taper toward 
the tip.  The forr.icr reault was obtained from Button''5 *&& tho latter 
worked out with (in both cases) a linear toroion mode and tho other 
asuumptiens as in Para.4 of this appendix.  Those results could then 
bo compared, for various conditions, -v/ith those given by tho different 
linear tapers as obtained by methods (1) to (5) above» 

This comparison has been «ado, and the conclusion reached was that 
methods (2) and (5) give the.best results, with little to choo3c between 
them.  Under those circumstances it is obviously desirable that iiiethod 
(2), in view of its extreme simplicity, be adopted as standard.  No 
attempt is modo liere to give the complete results of thi3 investigation 
but in Table III a specimen of the results is given which shows the 
order of variation.  The quantity K i3 the critical value given by 
tho '.«press ion (2) of the main text.  The appropriate values of K are 
given under the various conditions indicated. 
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Hothod 

elliptical vdnr pclyjcnal win» 

OW   •  °^ <r,.. = o.e <r„ = 00 <rw = 0.4 «rw = 0.8 <rw = 00 

1 0.0167 0.0213 0.0239 O.0165 0.<;:.o6 0.0238 

2 0.'5171 0.0200 0.C242 0.0146 0.0109 O.0225 

3 0.0143 0.0190 0.0226 0.0143 0.018C 0.0223 

4 0.0142 0.0190 0.0230 0.0136 0.0166 0.0226 

'5 0.0135 0.0195 0.023? 0.0136 0.0187 0.0229 

True 
Value 

0.0154 0.0204 0.0244 O.0136 O.0186 0.0226 

In Tr.blo III the values of r, h end g en 1.0, 0.3, and 0.4 
respectively.      It'nay be noted fron Tr.blo III that UathoA (1) break3 
down badly for the polygonal v/in/r.      A further noteworthy point ia that 
the error of nothod (2), apart frou the lav/ wine density case, is only 
about 2$. 

The taper .is defined by ..lethod (2) :.iay be expressed in the foru 

k   = 
0.6 o- 

1.4 c t 

vfhere a.   is the raee.n chord, and c' the chord at the section t\    = 0.7. 

6       Conclusions 

Soue conclusions of interest my be drawn fron the *03ults of thin 
appendix, apart frnm their application to the proposed wing stiffness 
criterion.      It 11. shown that the difference between tho effective and 
measured stiffness Day be quite largo - uvon for conventional wines. 
For such cusus tho effect ia thought to be adoquatety covered by the 
variation of the criterion with taper;    but if detailed flutter calculations 
are to be made in any specific case  (where, purhapn,  the uarfrin of 
safety is critically SLW.11 or where ether features render special 
calculation advisable)  the win? stiffne3a would be3t be obtained by 
ueaaureuents (or calculation) in which the wing is wade to twist in its 
assuried vibration node. 

It i3 MISO concluded that the equivalent taper of z. non-uniforn 
v.inff nay bo obtained by ;\ Method analogous to that of Hirst«-6 for 
aileren rovursal, to within an accuracy of about 21/; on critical speed. 
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